I. INTRODUCTION
Lattice QCD (LQCD) calculations at varying number of colors N c provide the opportunity for understanding more quantitatively important aspects of hadronic physics which have been qualitatively described in terms of order of magnitude estimates based on N c power countings. Until recently, LQCD analyses at N c > 3 had been carried out only for pure gluon dynamics and for mesons, where first studies addressed confinement in SU (2), SU (3) and SU (4) Yang-Mills gauge theories [1] , tests of the 't Hooft scaling in g 2 N c = λ, the relation between the QCD scale, Λ QCD and the gauge coupling g for different N c in [2] [3] [4] , calculations of the glueball spectrum [5, 6] , meson spectroscopy [7] [8] [9] , masses and decay constants and their scalings with N c [10] [11] [12] , the topological susceptibility [13] . For a review of these developments the reader can consult Ref. [14] .
Recently, the extension to baryons, which is the focus of the present work, was performed by one of us, T. DeGrand in Ref. [12] . Baryon masses for N c = 3, 5 and 7 were studied in the quenched approximation and at pion masses above 400 MeV. The results give a striking confirmation of the large N c QCD predictions for baryons, namely the N c scalings of baryon masses and of hyperfine (HF) mass splittings with N c . That work also provides information on the quark mass dependence of baryon masses, which is exploited in the present work for the purpose of understanding the effective low energy theory based on the combined 1/N c expansion and Heavy Baryon Chiral Perturbation Theory (HBChPT) [15] [16] [17] [18] [19] [20] .
The importance of the 1/N c expansion in BChPT was pointed out long ago with the observation that the inclusion of the spin 3 2 baryons leads to important cancellations in chiral loop corrections to axial currents [21, 22] . It was realized that such cancellations are a result of the constraints on the meson-baryon couplings in large N c [23, 24] , which gives rise to a contracted dynamical spin-flavor symmetry in baryons, which in particular requires the inclusion of the higher spin baryons, up to spin N c /2. This leads to the implementation of a baryon chiral Lagrangian following the strictures of the 1/N c expansion [15] , a framework that has been further developed and applied in [16] [17] [18] [19] [20] 25] . The virtue of such an effective field theory (EFT) is that it incorporates the dictates of the spin-flavor symmetry, emerging in the baryon sector of QCD at N c → ∞, into the chiral expansion and allowing for an unambiguous treatment of the spin- 3 2 resonance as an explicit degree of freedom in the EFT.
In recent works [18] [19] [20] , the EFT combining the 1/N c expansion and HBChPT was studied and applied to non-strange baryon masses and axial couplings (for a recent study of axial currents in SU (3) see Ref. [25] ). LQCD results at N c = 3 were used to determine lowenergy constants (LECs), and to test the low energy expansion. At small enough quark masses, where the low energy expansion holds, the 1/N c expansion is encoded in LEC's.
Each operator in the chiral Lagrangian carries a LEC, which can be expanded in powers of 1/N c . In order to determine the LECs, it is therefore necessary to have information at different values of N c . This point is investigated with the LQCD results in the present work.
As has been already shown in Refs. [12, 26] 
where m 0 and C HF start at O (N 0 c M 0 π ), and can be determined with LQCD calculations and also studied with the EFT. Using the LQCD results [12] , one can obtain an estimate: 
where m B is the average mass (or center of gravity) of the spin-flavor multiplet. A test of the rotor spectrum is provided by the ratio of the HF splittings between the S = and require them to be independent of N c . What is precisely meant by the 1/N c expansion will therefore depend on the choice of definition scheme. In the present work a scheme defined at hadronic level and very similar to the one just mentioned will be utilized.
While performing the present study, it became apparent that the quenched LQCD data alone is not quite sufficient for establishing the robustness of the analysis, and thus it becomes necessary to include also results with dynamical quarks at N c = 3. This allows for a better control of the low quark mass domain. A careful discussion of the issues and viability of combining quenched and unquenched results will be presented.
This work is organized as follows: Section II gives a brief overview of the combined symmetry [23, 24, 27, 28] , which is broken by the fact that N c is finite. For N c sufficiently large those effects can be expanded in powers of 1/N c . Although there is no rigorous proof, there are phenomenological indications as well as the LQCD results analyzed here which suggest that an expansion, modulo the subtleties discussed below, can be implemented for N c down to the real world's value N c = 3.
When the 1/N c expansion is combined with the low energy expansion, it is found that the chiral and 1/N c expansions do not commute due to the presence of the ratio M π /(m ∆ − m N ) = O (pN c ) in the non-analytic pieces of chiral loop contributions [29] . In the meson sector, the expansions do commute with each other [30] except for the effects of the η − η mixing, which involve the product N c (m s −m). (m is the average nonstrange quark mass.) In particular, the non-commutativity of the expansions requires that the two power countings ought to be linked for a definite EFT to be defined. A linking which seems to be the most adequate for the real world baryons is the ξ-expansion [18] , where the countings are linked
The chosen power counting scheme determines the terms in the effective chiral Lagrangian at each given order of the expansion. In the ξ expansion, the Lagrangian for the combined BChPT and 1/N c expansions to order ξ, following Refs. [15, 18] , reads:
where only the case of two flavors is considered. B is the symmetric spin-flavor baryon multiplet with states T r(τ a u i ), where The baryon masses to one loop are as follows [18] :
where S is the spin of the baryon, and m 0 (N c ) = m 0 + Ref. [18] .
The UV divergences are given by [18] :
whereF 0 ≡F π 3/N c withF π the pion decay constant in the chiral limit, λ = 1 −γ +log 4π, and the counter-terms necessary for the renormalization of the self-energy at O (ξ 3 ) read as follows [18] :
To one loop, δΣ CT has terms O (ξ 2 ) and O (ξ Quantitatively, quenching does have an effect, which was first described by Labrenz and Sharpe [31, 32] : In "real" QCD with dynamical sea quarks, the generic baryon mass is
(the c 3 term arises from the one loop pion exchange graph). In quenched QCD, the mass is
The superscript q reminds us that the quenched coefficients need have no connection to the unquenched ones. The extra terms are the quenching artifacts. δ = m One could opt to restrict the analysis of this work only to the quenched data sets of Ref. [12] . However, the spectroscopies of the SU (3) quenched data set and of the unquenched SU (3) data sets, conveniently scaled by using the chiral limit F π to set the scale, are found to be consistent within uncertainties and so phenomenologically can be combined. A test using only quenched or unquenched data will also be done, in order to avoid combining quenched and unquenched data sets into a single fit.
III. LATTICE DATA SETS
The lattice data for N c = 5 and 7 is based largely on that of Ref. [12] . Readers should refer there, and to a later paper focused on flavor SU (3) symmetry, [26] , for more details.
Here is a brief summary: Simulations use the usual Wilson plaquette gauge action, with clover fermions with normalized hypercubic smeared links as their gauge connections [34] .
The clover coefficient is fixed at its tree level value, c SW = 1. The code is a version of the publicly available package of the MILC collaboration [35] .
All simulations are performed in quenched approximation. The simulation volumes were all 16 3 × 32 sites. The bare gauge couplings were (roughly) matched so that pure gauge observables were the same on all three N c 's, so as to match discretization and finite volume effects. The observable chosen to do the comparison was the shorter version of the Sommer parameter [36] r 1 , defined in terms of the force F (r) between static quarks, r 2 F (r) = −1.0 at r = r 1 . The real-world value is r 1 = 0.31 fm [37] , and with it the common lattice spacing is about 0.08 fm.
Simulation parameters are reported in Table I . The masses of the pseudoscalar and vector mesons, the pseudoscalar decay constant, and the baryon masses are shown in Tables III-IV, and the HF splittings are shown in Tables V through VII. The data are extended from that of Ref. [12] in two ways. First, the N c = 7, S = baryon was added to the set of measured states. As described in Ref. [12] , lower S states contain many more contractions of creation and annihilation operators into propagators.
The new baryon's propagator has about 1.5 million determinants needed to be evaluated, per site. Second, the spectroscopy has been extended for all N c 's to lower quark mass.
Comparisons of large-N c predictions do not necessary require small quark mass, but of course chiral extrapolations need the lightest possible quark masses. The quark mass was lowered until at very small quark mass "exceptional configurations" are encountered. These are gauge configurations on which the Dirac operator has eigenvalues close to the value zero, so it becomes ill-conditioned, and hence non-invertible. This situation is well-known from quenched studies in N c = 3. There, it is cured by doing simulations with dynamical fermions, since the zero modes mean that the fermion determinant is zero and these configurations never appear in the Markov chain.
In any lattice calculation, the values of two observables computed on the same set of lattice configurations are highly correlated. In the case of mass differences, this means that uncertainties in m(S) and m(S ) would indicate. The baryon masses and the mass differences were simultaneously computed by performing a single-elimination jackknife analysis of the appropriate correlators. This ensures that the difference of masses (as recorded, for example, in Table II ) is equal to the mass differences (as recorded in Table V) .
IV. THE EFFECTIVE THEORY ANALYSIS OF LQCD RESULTS
This section presents the analysis of the LQCD results of the previous section in the framework of the combined HBChPT and 1/N c expansions with the ξ power counting [18] . at N c = 3 will be included [38] [39] [40] . This, however, introduces a different limitation, which is the matching between full QCD results at N c = 3 and the results of the previous section performed in the quenched approximation. For quark masses in the domain of Ref [12] , quenching effects are expected to be relatively small. It is obvious that for a more accurate analysis the simulations at varying N c must be carried out at lower quark masses, where at the same time dynamical quarks will be needed, which is perhaps at this time a very challenging task. Nevertheless, at the present level of accuracies such a combination seems to be justified as it is shown by the following discussion.
In general, the effects of quenching on hadron observables are suppressed by a factor 1/N c , In order to properly carry out a comparison between results from different collaborations, in the analysis one could use the physical energy scale determined from the lattice and transform everything to physical units. However, this may introduce dependencies on lattice artifacts, which seem to be evident from Fig. 2 for the different unquenched calculations. In order to avoid this issue of scale matching between calculations, it is convenient to compare dimensionless ratios of observables. As mentioned earlier,F 0 (N c ) will be used to define these dimensionless ratios. Recently, the FLAG collaboration [45] has carried out a detailed study providing average values, namely:
In the present work only a subset of lattice data sets is used. In order to check consistency with the world averages, an analysis of those sets is performed. In the unquenched case, for N c = 3,F 0 is obtained from lattice results using the second order results in ChPT [44] ,
where µ is the renormalization scale andM π andF π are the lowest order values of these quantities; in particularM 2 π = 2Bm q . The LECs are given by
where from phenomenology and recent LQCD calculations the values of the LECsl 3 = 3.16 andl 4 = 4.03 are obtained.
To the order of accuracy needed,M π can be replaced by M π in Eq. (12) . In addition, the ratioM π /M π remains close to unity for the whole range of pion masses. The results of the fits to unquenched LQCD are shown in Table VIII .
The results in Table VIII Now we turn to the quenched data set. Recall that we need a value forF 0 to scale our baryon masses. The difference between the quenched data sets, plus the curvature of the N c = 3 data of Ref. [12] make us suspicious of the quality of the quenched data for F π at small quark mass. We adopt a more phenomenological approach to obtainF 0 : It is obvious that quenching effects become more important at small pion masses. However, the differences between quenched and unquenched results should become smaller as the pion mass increases. This effect is noticed in comparing the quenched with the PACS-CS and MILC results in the left panel of Fig. 2 . It is then reasonable to give preference to the large pion mass results of [12] at varying N c , where quenched and full LQCD are more alike, to guide the extraction ofF π in this case. The striking linear behavior suggest to use a linear function in M π and disregard the lowest pion masses, obtaining,
The error stems from the differences observed in the extrapolated value when changing N c from 3 to 7. This value is not very different from the unquenched value in Eq. In summary, although the effects of quenching can be significant for individual quantities, the ratios shown in Fig. 3 Table IX , and can be briefly summarized as follows:
• Fit I: is a fit to O (ξ 3 ) in the expansion, where only the HF splittings from PACS-CS [38] and DeGrand's quenched results in Sec. III are included.
• Fit II: is a combined fit where masses and HF splittings are both included. Results at different orders in the ξ-expansion are shown.
• Fit III: is a O (ξ 3 ) combined fit to masses and HF splittings but settingg A = 0. The purpose of this fit is to give a measure of the one-loop contributions in Fits I and II.
The determination of the LECs in the fits is made as follows: initially a fit of the baryon HF splittings is performed, where only the spin-dependent terms in the mass formula are needed.
This is followed by a combined fit including the masses, which allows for the determination of the rest of the LECs. It should be emphasized that with the present inputs not all LECs can be determined, as discussed below.
One issue in the analysis is the value to be used for the axial couplingg A , which determines the size of the one-loop contributions. Because of the lack of results for the axial coupling at varying N c , it has been determined by a previous analysis from LQCD unquenched calculations at N c = 3 in Ref. [18, 20] , where a combined fit to LQCD masses and the axial coupling was performed. The value obtainedg A = 1.4 will be the one used here for all N c .
This corresponds to neglecting corrections O (1/N c ) tog A . Quenching effects also produce effects of that size ong A . All this amounts to neglecting some O (ξ 3 ) effects. Determining these (expected to be small) effects will require LQCD calculations of g A at different values of N c .
As emphasized in Sec. II, the HF splittings have a better behaved low energy expansion than the masses themselves. In fact they can be fitted up to M π 700 MeV with natural magnitudes for the LECs. The result is shown in Table IX (due to correlations with the rest of the LECs), and they are therefore be set to vanish.
After the fit to the HF splittings, the combined fit including baryon masses is carried out. The results are shown in Table IX is needed in order to obtain a good description of the masses. This parameter is the leading in 1/N c term contributing to the wave function renormalization and the value obtained here perfectly agrees with the one obtained for N c = 3 in Ref. [18] , where also the axial couplings were simultaneously analyzed.
In contrast to the HF splittings, the spin-flavor singlet component is naturally big, O (N c ),
and receives corrections of the same order in N c but higher order in M π . Thus, the convergence of the low-energy expansion is poorer, with the situation increasingly worsening as N c increases. In contrast to the HF splittings, the combined fit only has a range of validity at most up to M π ∼ 600 MeV. For this reason the fits only include results with M π < 600 MeV.
The LEC m 1 represents a 1/N c correction to the term proportional to m 0 , and although there is some correlation among them, m 1 is very important. This is shown by Fig. 5 , which gives some evidence that the spin-flavor singlet part of the masses deviates from the simple linear behavior in N c .
Evidently it will take a more extensive set of inputs at varying N c to fix all the LECs, with more results in the lower range of M π and possibly also larger values of N c than presently available. This obviously represents a difficult challenge at this time. In order to study the stability of the low-energy expansion, combined fits were performed at different orders in ξ.
The pattern of convergence of the spin-singlet LECs is stable. The pion mass dependence of the HF splitting only appears at O (ξ 3 ), through µ 2 , and therefore at lower orders one can only obtain a rough description. Clearly, C HF is very sensitive to the order of the expansion, because it is strongly correlated with C HF 1 . vs −7.3(6) × 10 −3 MeV −1 , and −9.7(4) × 10 −7 MeV −2 vs −8.9(2) × 10 −7 MeV −2 . These results are in reasonable agreement, taking into account that the LECs obtained in Ref. [18] were obtained from combined fits to masses and the axial charges. Only µ 2 is clearly in disagreement. Below the origin of the instability in the determination of µ 2 will be discussed. Table X show compatibility of the quenched (8) 942 (2) 1178 (8) and unquenched results at N c = 3. This lends a strong support to the approach used here for combining results at the level of masses in units ofF π . One therefore concludes that, given that quenched and full QCD are formally different at sub leading order in 1/N c , the phenomenological approach followed here shows that such differences are not clearly noticeably in the present analysis.
It is important to test the one loop contributions in the description of the LQCD results.
In order to expose them, a combined fit is carried out at O (ξ 3 ) in which the couplingg A is For N c = 3, the results of PACS-CS [38] are also included.
Let us estimate the range in M π where the EFT seems to work. This can be estimated by taking as the upper boundary of that range the upper inflection points of the curves in becomes more severe as a consequence of the shrinking domain of the low energy expansion with increasing N c . In order to improve the study of this work, it will be necessary to have N c > 3 LQCD results for smaller quark masses than the ones analyzed. For a fully consistent study the next step should include dynamical quarks, in particular because of the problem of exceptional configurations which arises in quenched QCD as the quark mass decreases. This task is clearly very challenging, but we believe that it is not impossible, merely expensive. It is one that will give important additional insights into the 1/N c expansion for light baryons.
Finally, the extension to three flavors based on the recent results [26] can be already analyzed in the same way as the case of two flavor presented here.
